In this paper, we derive some identities related to the reciprocal sums of generalized Fibonacci numbers. The results obtained here not only are meaningful in its own right but also provide unified formulae for the reciprocal sums of even-indexed and odd-indexed Fibonacci, Lucas, Pell and Pell-Lucas numbers.
Introduction
Throughout this paper, we use the notation G n = S(G 0 , G 1 , a, b) to denote the generalized Fibonacci numbers G n generated from the recurrence relation G n = aG n−1 + bG n−2 , n ≥ 2, with initial conditions G 0 and G 1 . Following this notation, some well-known numbers are represented as follows:
F n = S(0, 1, 1, 1) (Fibonacci numbers), L n = S(2, 1, 1, 1) (Lucas numbers), P n = S(0, 1, 2, 1) (Pell numbers), Q n = S(2, 2, 2, 1) (Pell-Lucas numbers), etc. Recently Ohtsuka and Nakamura [11] reported an interesting property of the Fibonacci numbers and proved the following theorem, where · is the floor function. Theorem 1.1 For the Fibonacci numbers F n = S(0, 1, 1, 1), the following identities hold:
F n − F n−1 , if n ≥ 2 and n is even;
Following the work of Ohtsuka and Nakamura, diverse results in the same direction have been reported in the literature [1] [2] [3] [4] [5] , [7] [8] [9] [10] , [13] , [14] . In particular, Wang and Zhang [14] considered the reciprocal sums of even-indexed and odd-indexed Fibonacci numbers, and obtained Theorem 1.2 below. Theorem 1.2 Let n ≥ 1. Then, for the Fibonacci numbers F n = S(0, 1, 1, 1), we have
Similar results were obtained in [4] and [9] respectively for the Lucas and Pell numbers.
In this paper we derive some identities for the reciprocal sums of generalized Fibonacci numbers G n = S(G 0 , G 1 , a, −1). Such numbers appear in many cases [12] . For example, S(3, 2, 4, −1) = A052995 and S(4, 2, 3−1) = A144920, etc. The results obtained here not only are meaningful in its own right but also provide unified formulae for the reciprocal sums of even-indexed and oddindexed Fibonacci, Lucas, Pell and Pell-Lucas numbers.
Main results
Consider the generalized Fibonacci numbers G n = S(G 0 , G 1 , a, −1), where G 0 is a nonnegative integer, G 1 and a are positive integers. We only deal with the cases where {G n , n ≥ 1} are monotone increasing. To this end, the following condition is required:
Hence we assume that a ≥ max{3, 1 + G 0 /G 1 }. Firstly we present two lemmas which will be used to prove our main results. For the ease of presentation, we use the following notation for G n = S(G 0 , G 1 , a, −1) :
Proof. (a) From Lemma 2.1, we have
where, by Lemma 2.1
and the proof of (a) is completed.
(b) G n can be expressed as [6] 
where α > 1 and 0 < β < 1 are solutions of the equation
where lim n→∞ γ n = 0 and lim n→∞ δ n = 0, then
if n is sufficiently large. Hence (b) is also proved.
(c) From (a) and (b), ∆ ∞ exists, and is given by
Now we state our main results.
Theorem 2.1 For the generalized Fibonacci numbers
with a ≥ max{3, 1 + G 0 /G 1 }, there exist positive integers M 0 and M 1 such that (a) and (b) below hold:
Proof. (a) By Lemma 2.1, we have
If Φ < 0, then there exists a positive integer m 0 such that
Repeatedly applying the above inequality, we obtain
Similarly,
Hence there exists a positive integer m 1 such that
from which we have
Then (7) follows from (9) and (10).
(b) If Φ > 0, then, from the proof of (a), it is easily seen that there exists a positive integer m 2 such that
and so
On the other hand,
Hence there exists a positive integer m 3 such that
and so 1
Then (8) follows from (11) and (12).
Theorem 2.2 For the generalized Fibonacci numbers
where
Since Φ∆ n is strictly monotone decreasing and converges to Φ∆ ∞ by Lemma 2.2, there exists 0 < µ < 1 such that 0 < µ < Φ∆ n − g, and so there exists a positive integer n 0 such that
Repeatedly applying the above inequality, we have
Similarly, 1
Then there exists a positive integer n 1 such that
from which we obtain
(13) follows from (14) and (15).
Remarks Consider the even-indexed Fibonacci numbers G n = F 2n = S(0, 1, 3, −1). In this case, Φ = −1 and g = −1. Since F 4n−2 = F 2 2n − F 2 2n−2 , then (7) and (13) reduce to (3) and (5), respectively. Similarly, for the odd-indexed Fibonacci numbers G n = F 2n+1 = S (1, 2, 3, −1) , we have Φ = 1 and g = 0. Since (4) and (6) are obtained from (8) and (13), respectively. Also it can be shown that Corollaries presented in [4] and [9] 
